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Abstract 

We study various methods for computing the one-loop correction to the energy 
of classical solutions to type IIA string theory in AdS^ x CP 3 . This involves 
computing the spectrum of fluctuations and then adding up the fluctuation 
frequencies. We focus on two classical solutions with support in CP 3 : a rotating 
point-particle and a circular spinning string with two angular momenta equal to 
J. For each of these solutions, we compute the spectrum of fluctuations using 
two techniques, known as the algebraic curve approach and the world-sheet 
approach. If we use the same prescription for adding fluctuation frequencies that 
was used for type IIB string theory in AdS§ x S 5 , then we find that the world- 
sheet spectrum gives convergent one-loop corrections but the algebraic curve 
spectrum gives divergent ones. On the other hand, we find a new summation 
prescription which gives finite results when applied to both the algebraic curve 
and world-sheet spectra. Naively, this gives three predictions for the one-loop 
correction to the spinning string energy (one from the algebraic curve and two 
from the world-sheet), however we find that in the large-^7 limit (where J = 
J/V2tt 2 \), the J~ 2n terms in all three cases agree. We therefore obtain a 
unique prediction for the one-loop correction to the spinning string energy. 
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1 Introduction 

One of the most intriguing ideas in theoretical physics is the AdS/CFT correspondence, 
which relates string theory or M-theory on a background geometry consisting of AdSd+i 
times some compact space to a conformal field theory living in d- dimensional Minkowski 
space. By far the best studied example of this correspondence is the duality between type 
IIB superstring theory on AdS§ x S 5 and M = 4 SYM proposed by Maldacena in [1]. A 
little over a year ago, Aharony, Bergman, Jafferis, and Maldacena (ABJM) discovered a 
new example of this duality which relates type IIA string theory on AdS^ x CP 3 to a three 
dimensional N = 6 Chern-Simons theory [2]. Some basic properties of this gauge theory 
are reviewed in Appendix A. 

Since then, much of the analysis that was done to test the AdS^/CFT^ duality has 
been repeated for the AdS^/CFT^ duality. For example, various sectors of the planar 
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Chern-Simons theory were shown to be integrable up to four loops in perturbation theory, 
i.e. it was shown that the dilatation operator in these sectors corresponds to a spin-chain 
Hamiltonian which can be diagonalized by solving Bethe equations [3, 4, 5, 6]. Moreover, 
the classical string theory dual to the planar gauge theory was also shown to be integrable, 
i.e. the equations of motion for the string theory sigma model were recast as a flatness 
condition for a certain one-form known as the Lax connection [7, 8, 9, 10]. It should 
be noted that classical integrability has only been demonstrated in the subsector of the 
AdSi x CP 3 superspace described by the 05p(6|4)/(i7(3) x 50(3,1)) supercoset, and 
that re-symmetry in the coset sigma model breaks down for string solutions that move 
purely in AdS± [9] . Demonstrating integrability in the full superspace requires more general 
methods [11]. The pure spinor string theory on AdSi x CP 3 was studied in [12, 13]. An 
important consequence of the Lax connection is that any classical solution to the sigma 
model equations of motion can be mapped into a multi-sheeted Riemann surface known as 
an algebraic curve [14, 15, 16]. The AdS^/CFT^ algebraic curve was constructed in [17]. 
Following these developments, a set of all-loop Bethe equations, which interpolate between 
the gauge theory Bethe equations at weak coupling and the string theory algebraic curve 
at strong coupling, were proposed in [18]. The all- loop Bethe ansatz is a powerful tool for 
testing the AdS/CFT correspondence. 

While the AdS^/CFT^ duality shares certain features with the AdS^/CFT^ duality, it 
also exhibits several new features. For example, when one looks at quantum excitations to 
the string theory sigma model in the Penrose limit of type IIA string theory on AdSi x CP 3 , 
one finds that half of the excitations are twice as massive as the other half [19, 20, 21]. The 
latter are subsequently referred to as "light" and the former are referred to as "heavy". 
This is in contrast to what was found when looking at the Penrose limit of type IIB string 
theory on AdS§ x S 5 , where all the excitations have the same mass [22]. Various properties 
of the heavy and light modes were studied in [23, 24, 25]. Furthermore, the AdS^/CFT^ 
magnon dispersion relation was found to be e = | yjl + 8h(X) sin 2 | where h(X) = A for 
A 3> 1 and h(X) = 2\ 2 for A <C 1. This is in contrast to the magnon dispersion relation for 
AdS^/CFT^, where h(X) = ^ for all values of A. One possible reason why the AdS^/CFT^ 
magnon dispersion receives corrections at strong coupling is that the theory only has 3/4 
maximal supersymmetry. Another consequence of the less-than-maximal supersymmetry 
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is that the radius of AdS^ x CP 3 varies as a function of A, although this only becomes 
relevant at two loops in the sigma model [26]. 

Perhaps the most puzzling new feature of the AdS^/CFTs correspondence arises when 
computing the one-loop correction to the energy of classical solutions to type IIA string 
theory in AdS^ x CP 3 . Note that the one-loop corrections we are describing correspond 
to quantum corrections to the world-sheet theory and a' corrections to the classical string 
theory. In particular, several groups found a disagreement with the all-loop Bethe ansatz 
after computing the one-loop correction to the energy of the folded spinning string in 
AdS± x CP 3 . In computing the one-loop correction, these groups used the same prescription 
for adding up fluctuation frequencies that was used in AdS 5 x S 5 [27, 28, 29]. The authors of 
[30] subsequently proposed an alternative summation prescription which achieves agreement 
with the all-loop Bethe ansatz by treating the frequencies of heavy and light modes on 
unequal footing. This prescription is not applicable to type IIB string theory on AdS§ x S 5 
because there is no distinction between heavy and light frequencies in this theory. Hence, 
the prescription proposed in [30] is special to the AdS^/CFT^ correspondence. Reference 
[31] pointed out that the discrepancy can also be resolved if one takes y/h(X) = y/\ + a\ + 
O (l/y/X^j with a\ ^ when doing world-sheet calculations. Although the algebraic curve 
calculation in [32] found that this correction should be zero, the authors in [31] argue that 
different values of a\ can be consistent because a\ may be scheme-dependent. 

In this paper we extend the study of one-loop corrections in AdS± x CP 3 by comput- 
ing one-loop corrections for solutions with nontrivial support in CP 3 and trivial support 
in AdSi, notably a rotating point-particle and a circular string with two equal angular 
momenta in CP 3 , which we refer to as the spinning string. The latter solution is the 
AdS^/CFT?, analogue of the SU(2) circular string which was discovered in [33] and studied 
extensively in the AdS^/CFT^ correspondence [34, 35, 36]. The point-particle and spinning 
string solutions are especially interesting to study in the AdS^/CFT^ context because they 
avoid the K-symmetry issues described above (since they have trivial support in AdS±). 
Various string solutions with support in CP 3 were also constructed in [37, 38], however 
one-loop corrections were not considered in those papers. 

In order to compute the one-loop correction to the energy of a classical solution, we 
must first compute the spectrum of fluctuations about the solution. This can be computed 
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by expanding the Green-Schwarz (GS) action to quadratic order in the fluctuations and 
finding the normal modes of the resulting equations of motion. We refer to this method 
as the world-sheet (WS) approach. Alternatively, the spectrum can be computed from the 
algebraic curve corresponding to this solution using semi-classical techniques. We refer to 
this as the algebraic curve (AC) approach. This approach was developed for type IIB string 
theory in AdS§ x S 5 in [39] and then adapted to type IIA string theory in AdS± x CP 3 
in [17]. In this paper, we compute the spectrum of fluctuations about the point-particle 
and spinning string using both approaches and find that the algebraic curve frequencies 
agree with the world-sheet frequencies up to constant shifts and shifts in mode number. 

Although the algebraic curve and world-sheet spectra look very similar, they have very 
different properties. In particular, the algebraic curve spectrum gives a divergent one- 
loop correction if we use the same prescription for adding up the frequencies that was 
used in AdS^, x S 5 . Since the point-particle is a BPS solution we expect that its one- 
loop correction should vanish. Furthermore, since the spinning string solution becomes 
near-BPS in a certain limit, we expect its one-loop correction to be nonzero but finite. 
Hence the algebraic curve does not give one-loop corrections which are compatible with 
supersymmetry if one uses the standard summation prescription. 

We propose a new summation prescription that gives a vanishing one-loop correction 
for the point-particle and a finite one-loop correction for the spinning string when used 
with both the algebraic curve spectrum and the world-sheet spectrum. This prescription 
has certain similarities to the one that was proposed by Gromov and Mikhaylov in [30], 
however our motivation for introducing it is somewhat different. Whereas they proposed a 
new summation prescription in order to get a one-loop correction to the energy of the folded 
spinning string which agrees with the all- loop Bethe ansatz, we find that a new summation 
prescription is required for a much more basic reason: consistency of the algebraic curve 
with supersymmetry. In principle, we obtain three predictions for the one-loop correction 
to the spinning-string energy; one coming from the algebraic curve and two coming from 
the world-sheet (since the world-sheet spectrum gives finite results using both the old 
and new summation prescriptions). However, if we expand in the large- J limit (where 
J = , J and J is the spin) and evaluate the sums at each order of J using (-function 

V2"7T" A 

regularization, we find that all three predictions are the same (up to so-called non-analytic 
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and exponentially suppressed terms which are sub-dominant). In this way we get a single 
prediction for the one-loop correction to the spinning string energy. Furthermore, we show 
that this result is consistent with the predictions of the Bethe ansatz. 

The structure of this paper is as follows. In section 2, we review the world-sheet ap- 
proach, the algebraic curve approach, and summation prescriptions. It should be noted that 
our versions of the world-sheet and algebraic curve formalisms have some new features. In 
particular, we recast the quadratic GS action in the AdS^ x CP 3 supergravity background 
in a way that removes half of the fermionic degrees of freedom explicitly and we reformulate 
the algebraic curve approach using off-shell techniques which make calculations much more 
efficient. In section 3.1, we present the classical solution for a point-particle rotating in CP 3 
and describe the gauge theory operator dual to this solution. In the rest of section 3 we 
summarize the fluctuation frequencies for the point-particle solution and compute the one- 
loop correction using the standard summation prescription used in AdS^ x S 5 as well as our 
new summation prescription.* In section 4.1, we present the classical solution for a spinning 
string with two equal angular momenta in CP 3 and propose the gauge theory operator dual 
to this solution. In the rest of section 4 we summarize the fluctuation frequencies for the 
spinning-string solution, analyze various properties of the one-loop correction to its energy, 
and make a prediction for the anomalous dimension of its dual gauge theory operator. < 
Section 5 presents our conclusions. Appendix A reviews some basic properties of the dual 
gauge theory. Appendices B and C review the geometry of AdS± x CP 3 as well as our 
Dirac matrix conventions, and the remaining appendices provide detailed derivations of the 
fluctuation frequencies for the point-particle and spinning string using both the algebraic 
curve approach and the world-sheet approach. In Appendix H, we use the Bethe ansatz to 
compute the leading two contributions to the anomalous dimension of operator dual to the 
spinning and verify that they agree with the prediction we obtain using string theory. 

* Although the spectrum of the point-particle was already computed using the algebraic curve in [17], 
we present it again using more efficient techniques. 

^The authors in [37] made similar conjectures for the gauge theory operators dual to the point-particle 
and spinning string, however the classical solutions considered in that paper have different charges than the 
ones constructed in this paper. 



2 Review of Formalism 
2.1 World-Sheet Formalism 

The world-sheet approach for computing the spectrum of fluctuations about a classical 
solution in AdS§ x was developed in [40]. In this section we review how to compute 
the spectrum of fluctuations around a classical solution to type IIA string theory in a 
supergravity background which consists of the following string frame metric, dilaton, and 
Ramond-Ramond forms [2]: 

ds 2 = G M Ndx M dx N = R 2 (^ds\ dS4 + ds 2 CP }j , (la) 

6 " = P < lb > 

F 4 = lkR 2 Vol AdS4 , (lc) 
o 

F 2 = U, (Id) 

where R 2 is the radius of curvature in string units, J is the Kahler form on CP 3 , and k is 
an integer corresponding to the level of the dual Chern-Simons theory. Note that the AdS^ 
space has radius R/2 while the CP 3 space has radius R. The metric for a unit AdS^ space 
given by 

ds 2 AdSi = - cosh 2 pdt 2 + dp 2 + sinh 2 p (d9 2 + sin 2 9d(j) 2 ) , (2) 
and the metric for a unit CP 3 space is given by 

ds 2 CP z = d^ 2 + cos 2 £ sin 2 £ I dip H — cos 0\dipi cos #2di/?2 I (3) 



+^ cos 2 £ (d9j + sin 2 9^1) + J sin 2 £ (d0% + sin 2 6 2 d(pf) , 

where < £ < 7r/2, < tp < 2tt, < 6i < ir, and < (fi < 2tt. More details about the 
geometry of AdS^ x CP S are given in Appendix B. 

Using the metric in Eq. (1), the bosonic part of the string Lagrangian in conformal 
gauge is given by 

Cbose = ^ ab G M NdaX M d b X N , (4) 

where a, b = T,a are world-sheet indices, rf h = diag[— 1, 1], and we have set a' = 1. 
Because AdS^ has two Killing vectors and CP 3 has three Killing vectors, any solution to 
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the bosonic equations of motion has at least five conserved charges. In particular, the two 
AdSi charges are given by 

r-2-K 

E = ^/X/2 da cosh 2 pi, (5) 
J o 

i-2-k 

S = i/\/2 / da sinh 2 p sin 2 9<j>. (6) 
Jo 

and the three CP 3 charges are given by 



Jo \ * * J 

where E is the energy and S, J^, J^ 1 , and J^ 2 are angular momenta. 

A solution to the bosonic equations of motion is said to be a classical solution if it also 
satisfies the Virasoro constraints 



Note that these are the only constraints that relate motion in AdS± to motion in CP 3 . 

The spectrum of bosonic fluctuations around a classical solution can be computed by 
expanding the bosonic Lagrangian in Eq. (4) to quadratic order in the fluctuations and 
finding the normal modes of the resulting equations of motion. In the examples we consider, 
we find that two of the bosonic modes are massless and the other eight are massive. While 
the eight massive modes correspond to the physical transverse degrees of freedom, the two 
massless modes can be discarded. One way to see that the massless modes can be discarded 
is by expanding the Virasoro constraints to linear order in the fluctuations [40]. 

To compute the spectrum of fermionic fluctuations, we only need the quadratic part of 
the fermionic GS action for type II A string theory. This action describes two 10-dimensional 




Gmn (d T x M d T x N + d a x M d a x N ) = o, G MN d T x M d a x N = o. 



(8) 
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Majorana-Weyl spinors of opposite chirality which can be combined into a single non-chiral 
Majorana spinor 0. The quadratic GS action for type IIA string theory in a general 
background can be found in [41]. For the supergravity background in Eq. (1), the quadratic 
Lagrangian for the fermions is given by 



C fermi = Q[ V ab -e ab rn)e a 



(d b + ^co b ) + ^ (-r n r . f 2 + r • f 4 ) e b 



e, 



(9) 



where G = Qtr°, = -e^ = 1, e a = d a X M ' e^I ' A , u; a = d a X M uffT AB , and T ■ F (n) = 
■^T Nl "' Nn Fff 1 ...Nn- Note that M is a base-space index while A, B = 0, ...,9 are tangent- 
space indices. Explicit formulas for e^, w a/ B > r • F%, and T ■ F4 are provided in Appendix 
B. Explicit formulas for the Dirac matrices are provided in Appendix C. 

We will now recast the fermionic Lagrangian in Eq. (9) in form that allows us to compute 
the fermionic fluctuation frequencies in a straightforward way. First we note that after 
rearranging terms, Eq. (9) can be written as 

f-'fermi 



2K 



-e+r 



d T - Tiid a + - (uj t - r n u} a ) 



e-2 J pce + r r-Fr e + , 



where we define K = d T X M e\.^ = P+O, and 



(10) 



2K 



r (e T + e a T u 



(11) 



T-F = \e' t> (-rnr • F 2 + T ■ F 4 ) 



Note that P+ = P\ and if the classical solution satisfies 



(12) 



M„0 



a y\ c M — u, 



(13) 



then P + is a projection operator, i.e. P? = P + . In addition, if the classical solution satisfies 



P+ [P+, U) T - T U W<t] 

then the fermionic Lagrangian simplifies to 



fermi 

2K 



-e+r n 



d T - r n 9 ff + \ K - rnuv) + 2K (r • pr ) 



(14) 



(15) 
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Finally, if we consider the Fourier mode (a, r) = © exp (— ilot + ina), where is a 
constant spinor, then the equations of motion for the fermionic fluctuations are given by 



P + \ 9 = 0. (16) 



iui + inTu — - (u> T — TuLOfj) — 2K (T ■ FTq 

One can choose a basis where P + has the form f J ~\ (where each element in the 2x2 
matrix corresponds to a 16 x 16 matrix). In this basis, the matrix on the left-hand side of 
Eq. (16) will have the form f ^ y ^ e ^ erm ^ omc frequencies are determined by taking 
the determinant of A and finding its roots. 

Only half of the fermionic components appear in the Lagrangian in Eq. (15). Hence, a 
natural choice for fixing kappa-symmetry is to set the other components to zero by imposing 
the gauge condition O = 0+. This gives the desired number of fermionic degrees of freedom. 
In particular, before imposing the Majorana condition, O has 32 complex degrees of freedom. 
When the classical solution satisfies Eqs. (13) and (14), the quadratic GS action can be 
recast in terms of projection operators that remove half of O's components, leaving 16 
complex degrees of freedom. After solving the fermionic equations of motion, one then 
finds that only half the solutions have positive energy, leaving eight complex degrees of 
freedom. Finally, after imposing the Majorana condition we should be left with eight real 
degrees of freedom, which matches the number of transverse bosonic degrees of freedom. 
Explicit calculations of the fermionic frequencies for the classical solutions studied in this 
paper are described in Appendices D.2 and F.2. 

2.2 Algebraic Curve Formalism 

The procedure for computing the spectrum of excitations about a classical string solu- 
tion using the AdS^/CFT^ algebraic curve was first presented in [17]. In this section, 
we reformulate this procedure in terms of an off-shell formalism similar to the one that 
was developed for the AdS^/CFT^ algebraic curve in [42]. The off-shell formalism makes 
things much more efficient. First we describe how to construct the classical algebraic curve. 
Then we describe how to semi-classically quantize the curve and obtain the spectrum of 
excitations. 
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2.2.1 Classical Algebraic Curve 

For type IIA string theory in AdS± x CP 3 , any classical solution can be encoded in a 
10-sheeted Riemann surface whose branches, called quasi-momenta, are denoted by 

til, 92, 93, 94, 95, 96, 97, 98, 99, 9lo} • 

This algebraic curve corresponds to the fundamental representation of OSp(6\4), which is 
ten-dimensional. Furthermore, the quasimomenta are not all independent. In particular 

(91 0), 92 0), 93 (x), 94 0*0, 95 (x)) = - (q 10 (x),q 9 (x),qs{x),q 7 (x),q (i {x)) , (17) 

where x is a complex number called the spectral parameter. To compute the quasimomenta, 
it is useful to parameterize AdS^ and CP 3 using the following embedding coordinates 

2,2 2 2 2 1 

n l + n 2 ~ n 3 ~ n 4 ~~ n 5 = 1 

J> J | 2 = 1, /~e l V, 

where A £ K. A classical solution in the global coordinates of Eqs. (2) and (3) can be 
converted to embedding coordinates using Eqs. (57) and (62) provided in Appendix B. One 
can then compute the following connection: 

• / \ ( riidaiij - njdaUi \ 

^= 2 { z^-jd^Y (18) 

where a G {r, c}, -D a = 9 a + iA a , and ^4 a = i X]/=i ■Sj^o^ [17]. This connection is a 
9x9 matrix and transforms under the bosonic part of the supergroup OSp{Q\4), notably 
SU{A) x 5(9(3,2) ~ 0(6) x Sp(A). A key property is that it is flat, which allows us to 
construct the following monodromy matrix: 

1 f 27T 

A(x) = Pexp -2 / da [j a (r, a) + xj T (r, a)] , (19) 

^ - 1 Jo 

where P is the path-ordering symbol and the integral is over a loop of constant world-sheet 
time r. It can be shown that the eigenvalues of A(x) are independent of r. 

The quasimomenta are related to the eigenvalues of the monodromy matrix. In partic- 
ular, if we diagonalize the monodromy matrix we will find that the eigenvalues of the AdS$ 
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part are in general given by 

where p\{x) + p^{x) = p2{x) + ^3(2;) = 0, while the eigenvalues from the CP 3 part are given 
by 

j e ipiO)^ e ipa(x)^ e ip3(x)^ e «P4(» j ^ ^21) 
where ^2i = iPi(x) = 0. The classical quasimomenta are then defined as 

, \ fik+ih Pi-fa ~ ,~ ~ ,~ ~ ,~\ , ooA 

(91,92,93,94,95) = I — ^ — ' — 2 — ,Pl +P2,Pl +^ 3 '?' 1 +P4 I , (22) 

where we have suppressed the rc-dependence. From this formula, we see that qi(x) and 
q2(x) correspond to the AdS^ part of the algebraic curve, while (73 (x), e?4 (x), and q$(x) 
correspond to the CP 3 part of the algebraic curve. 

2.2.2 Semi-Classical Quantization 

The algebraic curve will generically have cuts connecting several pairs of sheets. These cuts 
encode the classical physics. To perform semiclassical quantization, we add poles to the 
algebraic curve which correspond to quantum fluctuations. Each pole connects two sheets. 
In particular the bosonic fluctuations connect two AdS sheets or two CP 3 sheets and the 
fermionic fluctuations connect an AdS sheet to a CP 3 sheet. See Fig. (1) for a depiction 
of the fluctuations. In total there are eight bosonic and eight fermionic fluctuations and 
they are labeled by the pairs of sheets that their poles connect. The labels are referred to 
as polarizations and are summarized in Table 1. 

Notice that every fluctuation can be labeled by two equivalent polarizations because 
every pole connects two equivalent pairs of sheets as a consequence of Eq. (17). Fluctuations 
connecting sheet 5 or 6 to any other sheet are defined to be light. Notice that there are 
eight light excitations. All the others are defined to be heavy excitations. The physical 
significance of this terminology will become clear later on. When we compute the spectrum 
of fluctuations about the point particle in section 3 for example, we will find that the heavy 
excitations are twice as massive as the light excitations. 
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Figure 1: Depiction of the fluctuations of the AdS± x CP 3 algebraic curve. Each fluctuation 
corresponds to a pole which connects two sheets. 

When adding poles, we must take into account the level-matching condition 

oo 

£ nJ2K j = 0, (23) 

n=—oo ij 

where Nn is the number of excitations with polarization ij and mode number n. Further- 
more, the locations of the poles are not arbitrary; they are determined by the following 
equation: 

q, t (x%) - qj (a#) = 2vrn, (24) 

where Xn is the location of a pole corresponding to a fluctuation with polarization ij and 
mode number n. 

In addition to adding poles to the algebraic curve, we must also add fluctuations to 
the classical quasimomenta. These fluctuations will depend on the spectral parameter x as 
well as the locations of the poles, which we will denote by the collective coordinate y. The 
functional form of the fluctuations is determined by some general constraints: 



13 



Table 1: Labels for the fluctuations (heavy, light) of the AdS± x CP 5 algebraic curve. 



Polarizations (i,j) 



AdS 



Fermions 



CP 3 



(1,10/1, 10); (2, 9/2, 9); (1,9/2, 10) 



(1, 7/4, 10); (1, 8/3, 10); (2, 7/4, 9); (2, 8/3, 9) 
(1, 5/6, 10); (1, 6/5, 10); (2, 5/6, 9); (2, 6/5, 9) 



(3,7/4,8) 

(3, 5/6, 8); (3, 6/5, 8); (4, 5/6, 7); (4, 6/5, 7) 



• They are not all independent: 



/ 5q 1 {x,y) \ 
5q±(x,y) 



( 5q w (x,y) \ 
Sqg{x,y) 
Sqs(x,y) 
Sqi{x,y) 
\ Sqe(x,y) ) 



They have poles near the points x = ±1 and the residues of these poles are synchro- 
nized as follows: 



lim (5qi(x, y),5q 2 (x, y),Sq 3 (x, y), 

X— >±1 



i(x,y),5q 5 (x,y)) oc 



1 



x±l 



(1,1,1,1,0). (25) 



There is an inversion symmetry: 



/ 5 qi (l/x,y) \ 
5q 2 (l/x,y) 

5q A {l/x,y) 
\ Sq 5 (l/x,y) ) 



( Sq 2 (x,y) \ 
Sqi(x,y) 
8q 4 (x,y) 
Sq3(x,y) 
5{x,y) 



\ Sq 5 (s 



(26) 



• The fluctuations have the following large- x behavior: 



lim 

X— >co 



( Sqi(x,y) \ 
5q 2 (x,y) 
5q3(x,y) 
Sq 4 (x,y) 

\ 5q<={x,y) ) 



l 

2g~x~ 



A(y) + 7Vi 9 + 2Ni io + N 15 + N 16 + N 17 + N 1S \ 
A(y) + 2N 29 + N 2W + N 25 + iV 2 6 + N 27 + iV 28 
-iV 35 - N 3e - N 37 - N 39 - N 3 10 

-iV 45 - ^46 - ^48 - ^49 - ^4 10 
V iV 3 5 + ^45 " N 57 - N 58 - N 15 - N 25 + N 59 + N 510 J 

(27) 
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where g = a/A/8, Ny = XmL-oo N n J , and A(y) is called the anomalous part of the 
energy shift. Whereas the Nn are inputs of the calculation, A(y) will be determined 
in the process of determining the fluctuations of the quasi-momenta. The factor of two 
that appears in front of iVno and N29 is a consequence of the symmetry in Eq. (17). 
The coefficients of the other terms on the right hand side of equation Eq. (27) can be 
determined using arguments similar to those in [39]. 

• Finally, when the spectral parameter approaches the location of one of the poles, the 
fluctuations have the following form: 

a(xii)N n j 1 x 2 
hm dq k (x j— , a(x) = — -, (28) 

x^x% X — Xn Zg X — 1 

where the proportionality constants can be read off from the coefficient of Ny in the 
fc'th row of Eq. (27). 

After computing the anomalous part of the energy shift, the fluctuation frequency is 
given by 

Q(y) = A(y) + £ JV* + ± £ . (29) 

AcLSa ferm 

It is useful to consider the fluctuation frequency without fixing the value of y. In this case, 
the fluctuation frequency is said to be off-shell. 

Using arguments similar to those in [42], we find all the relations among the off-shell 
frequencies. First, all the light off-shell frequencies are related by 

My) = ^s(y) (30) 

where i = 1, 2, 3, 4. 

Second, all the heavy off-shell frequencies can be written as the sum of two light off-shell 
frequencies as summarized in table 2. 

Finally, any off-shell frequency fiy is related to its mirror off-shell frequency Qjj by 

JMjO = -%(1/i/) + %(0) + C7, 

where C = 1,1/2, or for AdS, Fermionic, or CP 3 polarizations respectively. The mirror 
polarization (i, j) of the polarization can be readily found using Eq. (26), e.g. (l, 10) = 
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Table 2: Relations between heavy and light off-shell frequencies. 



Heavy 


Light 




^29 = 


2^25 




^1 10 = 


2J7i5 


AdS 


QlQ = 


J)l5 + f&25 




^27 = 


^25 + ^45 




n 17 = 

^28 = 


S7l5 + Q45 
^25 + ^35 


Fermions 


«18 = 


^15 + ^35 




^37 = 


^35 + ^45 


CP 3 



(2,9) , (2,5) = (1,5) , (4,5) = (3,5) , (3,7) = (3,7) , etc. Using these relations, only two 
of the eight light off-shell frequencies are independent. For example, 

n 35 (y) = -O45 (1/y) + ^45 (0) , (31a) 

^25 (y) = -fii 5 (l/y) + fiis (0) + 1/2. (3ib) 

In conclusion, if we compute the off-shell frequencies Q15 and ^45, then we can determine 
all the other off-shell frequencies automatically from the relations in Eqs. (30,31) and table 
2. 

The on-shell frequencies are then obtained by evaluating the off-shell frequencies at the 
location of the poles which are determined by solving Eq. (24), i.e. ufy = fiy \Xn\. It will 
be convenient to organize them into the following linear combinations: 

, , f„\ _ , ,35 1 . ,36 , , ,45 , . ,46 , ,15 , ,16 , ,25 , ,26 /on\ 

u) L {n)=u n +u n +uj n +uj n -u n -u n -uj n -u n (32) 

,, f„\ _ , ,19 ,29 , , ,110 , , ,37 ,,17 ,,18 ,,27 ,28 foo\ 

U) H {n)=u n +u n + u n +u n -u n -uj n -u) n -u n (33) 

where L stands for light and H stands for heavy. It should be noted that heavy and light 
frequencies are not as well-defined in the world-sheet approach. In general, the only way 
to identify heavy and light frequencies in the world-sheet approach is by comparing the 
world-sheet spectrum to the algebraic curve spectrum, i.e. a world-sheet frequency is said 
to be heavy/light if the corresponding algebraic curve frequency is heavy/light. 
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2.3 Summation Prescriptions 

Given the spectrum of fluctuations about a classical string solution, we compute the one- 
loop correction to the string energy by adding up the spectrum. The standard formula is 



SEi- loop ,old = Yirn^ — ( Z) w ?i ~ Z) W S* ) ' (34) 

n=-N \i=l i=l / 

where k is proportional to the classical energy (the exact formula is given in sections 3 
and 4), B/F stands for bosonic/fermionic, n is the mode number, and i is some label. 
For example, if we are dealing with frequencies computed from the algebraic curve, then 
they will be labeled by a pair of integers called a polarization, as explained in section 
2.2. Although this formula works well for string solutions in AdS$ x S 5 , it gives a one- 
loop correction which disagrees with the all-loop Bethe ansatz when applied to the folded- 
spinning string in AdS^ x CP 3 . In [30] Gromov and Mikhaylov subsequently proposed the 
following formula for computing one-loop corrections in AdS± x CP 3 : 

. 1 >A / u) H (n) + u L (n/2) n E even 

0-t!yi-ioop,GM = nm — > K n , K n = < H . . , [6b) 

' ' N^-oo 2k ^ oj (n) n G odd 

n=~N V K ' 

where u^/u^ are referred to as heavy/light frequencies and are defined in Eqs. (32) and 
(33). For later convenience, we note that Eq. (34) can be written in terms of heavy and 
light frequencies as follows: 

1 N 

SEt^ioopoid = lim — } {u L (n) + u H {n)) . (36) 

N—t-co ZK *■ — * 
—N 

In the large-K limit, Eq. (35) can be approximated as the following integral: 

bEx-ioop ~ hm — / ( LJ H (n) + \to L (n/2) ) dn. (37) 
N-^oo Zk 7_tv V A J 

In [30] it was shown that Eq. (37) gives a one-loop correction which agrees with the all-loop 
Bethe ansatz when applied to the spectrum of the folded spinning string. 
In this paper we propose a new summation prescription: 

1 N 

6 Ei-ioop new = hm — } (2u H (2n) + u L (n)) . (38) 

N^oo ZK L — ' 
—N 



17 



This sum can be motivated physically using the observation in [30] that heavy modes with 
mode number 2n can be thought of as bound states of two light modes with mode number 
n. This suggests that only heavy modes with even mode number should contribute to the 
one-loop correction. The formula for the one-loop correction should therefore have the form 

1 N 

bEx-ioop,new = lim — V] (Au H {2n) + Bu L (n)) . 

-N 

The coefficients A and B can then be fixed uniquely by requiring that the integral approxi- 
mation to this formula reduces to Eq. (37) in the large- k limit, ensuring that this summation 
prescription gives a one-loop correction to the folded spinning string energy which agrees 
with the all- loop Bethe ansatz. One then finds that A = 2 and B = 1. 

One virtue of the new summation prescription in Eq. (38) compared to the one in 
Eq. (35) is that it gives more well-defined results for one-loop corrections. For example, 
consider the case where w^(n) = — 2u;#(re) = C, where C is some constant (the AC fre- 
quencies for the point-particle will have this form). In this case, Eq. (35) does not have a 
well-defined iV — > oo limit; in particular the sum alternates between ±C/(4k) depending 
on whether iV is even or odd. On the other hand, Eq. (38) vanishes for all N. 

3 Point-Particle 

3.1 Classical Solution and Dual Operator 

In terms of the coordinates of Eqs. (2) and (3), the solution for a point-particle rotating 
with angular momentum J in CP 3 is given by 

t = KT, p = 0, e = tt/4, Ox = 02 = vr/2, V = Jt, <f>i = fa = 0, (39) 

where J = and g = -y/A/8. This version of the solution will be useful for doing 
calculations in the world-sheet formalism. Alternatively, we can write this solution in 
embedding coordinates by plugging Eq. (39) into Eqs. (57) and (62): 

nx = cos kt, ri2 = sinKT, ^3 = 714 = 715 = 0, z 1 = z 2 = z\ = z\ = -e^ T / 2 . (40) 

This version of the solution will be useful for doing calculations in the algebraic curve 
formalism. The energy and angular momenta of the particle can be read off from Eqs. (5- 
7): E = 4:7rgn, S = 0, Jw, = J, = J^ 2 = 0. Furthermore, the Virasoro constraints 
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in Eq. (8) give k = J, or equivalently E = J. Note that this is a BPS condition. We 
therefore expect that the dimension of the dual gauge theory operator should be protected 
by supersymmetry. 

The gauge theory operator dual to the point-particle rotating in CP 3 should have the 
form 



= tr 



z x zt 



This can be understood heuristically by associating the scalars Z 1 ,^ 2 , Z 3 , Z 4 with the 
embedding coordinates z , z 2 , z s , z 4 and noting that 



JJt/2 



\ 



e iJr/2 
e -iJr/2 

\ e- ijT ' 2 ) 



( Vx/2 
1/V2 


V 



-1/V2 
1/V2 










1/V2 
1/V2 






-1/V2 
1/V2 



1 

71 



oJJr/2 



e -iJr/2 





Since the transformation on the right hand side is an 5f7(4) transformation, the solution 



in Eq. (40) is equivalent to z 1 



J_JJt/2 2 
V2 e ' z 



0. Furthermore, the engineering 



dimension of this operator is J, which matches the energy of the point-particle solution, and 
the two-loop dilatation operator in Eq. (54) vanishes when applied to this operator, which 
is consistent with our expectation that the anomalous dimension of the operator should 
vanish. 



3.2 Excitation Spectrum 

We summarize the spectrum of fluctuations obtained with the algebraic curve and the world 
sheet in Table 3. The algebraic curve frequencies have been re-scaled by a factor of k in 
order to compare them to the world-sheet frequencies. The derivations of these frequencies 
are described in Appendices D and E. Note that the fluctuations in this table are labeled by 
polarizations. Although this notation was only defined for the algebraic curve formalism, we 
find that the world-sheet frequencies match the algebraic curve frequencies up to constant 
shifts, so it is convenient to label the world-sheet frequencies with polarizations as well. 
Also note that both sets of frequencies agree with the spectrum of fluctuations that were 
found in the Penrose limit (up to constant shifts) [19, 20, 21]. 

While the constant shifts in the world-sheet spectrum occur with opposite signs and 
can be removed by gauge transformations, this is not the case for the algebraic curve 
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Table 3: Spectrum of fluctuations about the point-particle solution computed using the 
world-sheet (WS) and algebraic curve (AC) formalisms {oj n = \Jv? + k 2 ). Polarizations 
(heavy /light) indicate which pairs of sheets are connected by a fluctuation in the AC 
formalism, and ± indicates that half of the frequencies have a + and the other half have a 





WS 


AC 


Polarizations 


AdS 






(1,10); (2, 9); (1,9) 


Fermions 


LO n ± | 
1, > 


^71 — 2 

1/ > 

2^2n 


(1,7); (1,8); (2, 7); (2, 8) 
(1,5);(1,6);(2,5);(2,6) 


CP 3 


2 W 2n ± 2 


UJ n - K 

1 , , K 

2^2n - 2 


(3,7) 

(3, 5); (3, 6); (4, 5); (4, 6) 



frequencies. In fact, the constant shifts in the algebraic curve frequencies have physical 
significance, which can be seen by taking the mode number n = 0. In this limit, the AdS 
frequencies reduce to k, the CP 3 frequencies reduce to 0, and the fermi frequencies reduce 
to k/2. In this sense, the n = algebraic curve frequencies have "flat-space" behavior. 
This property was also observed for algebraic curve frequencies computed about solutions 
in AdS§ x 5 5 [39]. On the other hand, the world-sheet frequencies do not have this property. 
In the next subsection, we will see that the constant shifts in the algebraic curve spectrum 
have important implications for the one-loop correction to the classical energy. 

3.3 One-Loop Correction to Energy 

Using Eqs. (32) and (33) we see that ujjj an d ojl are constants for both the world-sheet and 
algebraic curve spectra. In particular, for the world-sheet spectrum we find that w#(n) = 
w i( n ) =0. As a result, both the standard summation prescription in Eq. (36) and the new 
summation prescription in Eq. (38) give a vanishing one-loop correction to the energy. On 
the other hand, for the algebraic curve we find that uuip) = k and 0JL(n) = —2k. For these 
values of ujjj and ujl , the new summation prescription gives a vanishing one-loop correction 
but the standard summation prescription gives a linear divergence: 

<5Pi_; ooPjOZd = lim —{N + 1/2). 
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Thus we find that both summation prescriptions are consistent with supersymmetry if we 
use the spectrum computed from the world-sheet, but only the new summation is consistent 
with supersymmetry if we use the spectrum computed from the algebraic curve. 



4 Spinning String 

4.1 Classical Solution and Dual Operator 

In the global coordinates of Eqs. (2) and (3), the solution for a circular spinning string with 
two equal nonzero spins in CP 3 is 

t = act, p = 0, £ = tt/4, #i = 9 2 = tt/2, ij> = mci, 0! = fa = 2Jt, (41) 

where J = and m is the winding number. Using Eqs. (57) and (62), we can also 
write this solution in embedding coordinates (which are useful for doing algebraic curve 
calculations): 

m = coskt, n 2 = singer, n 3 = n 4 = n 5 = 0, z 1 = z\ = Ig^+W^ z z = z\ = i e ^™ 

(42) 

Equations (5-7) imply that E = 4irgK, S = 0, Jw, = 0, and J < ^ 1 = J^ 2 = J. Furthermore, the 
Virasoro constraints in Eq. (8) give k = \/m 2 + 4J7 2 , or equivalently E = 2J^J 1 + A - 
In the limit J > m, this reduces to the BPS condition E 1 = 2J, so we expect that the 
dual operator should have engineering dimension 2 J and a finite but non-zero anomalous 
dimension. Furthermore, the dispersion relation has a BMN expansion in the parameter 
A/ J 2 , which allows us to make a prediction for anomalous dimension of the dual operator. 
Expanding the dispersion relation to first order in the BMN parameter gives 

E = 2J+^j± + 0{\ 2 /J 3 ). (43) 

To extrapolate this formula to the gauge theory, we must make the replacement A — > 2A 2 . 
One way to understand this replacement is by comparing the magnon dispersion relation 
at strong and weak t'Hooft coupling, as explained in the introduction. We therefore get 
the following prediction for the anomalous dimension of the dual gauge theory operator 

A - 2 J = t^L. + o (A 2 / J 2 ) . (44) 
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The higher order terms in the expansion of the classical string energy in Eq. (43) correspond 
to O (A /J 3 ) corrections to the anomalous dimension, but the one-loop correction to the 
energy provides O (A 2 / J 2 ) corrections to the anomalous dimension (see Eq. 53). 
The dual gauge theory operator should have the form 



O = tr 



z'zl) J (z'zl) J + ^ 



(45) 



where the dots stand for permutations of yZ^Z)^ and yZ 3 Z^j. Note that the engineering 
dimension of the operator is 2J, as expected. When we apply the two loop dilatation 
operator in Eq. (54) to the operator in Eq. (45), it reduces to 

2J 

A - 2 J = A 2 ^ (1 - P 2 i-i,2i + i + 1 - P2i,2i+2) ■ (46) 
i=i 

This is the Hamiltonian for two identical Heisenberg spin chains; one located on the even 
sites and the other on the odd sites. If one thinks of Z 1 and z\ as being up spins and Z 3 
and z\ as being down spins, then each spin chain has J up spins and J down spins. In 
appendix H, we use the Bethe ansatz to show that the anomalous dimension is indeed given 
by Eq. (44). 

4.2 Excitation Spectrum 

We summarize the spectrum of fluctuations about the spinning string in Tables 4 and 5. 

The algebraic curve frequencies have been re-scaled by a factor of n in order to compare 

them to the world-sheet frequencies. The derivations are presented in Appendices F and G. 

We find that the algebraic curve spectrum matches the world-sheet spectrum up to constant 

shifts and shifts in mode number. Furthermore, if we set the winding number m = and 

take J — > ^7/2, we find that all the frequencies in Table 4 reduce to the corresponding 

frequencies in Table 3, which is expected since setting the winding number to zero reduces 

the string to a point-particle.-'" This is an important check of our results for the spinning 

string. On the other hand, if we set the mode number n = 0, we find that the algebraic 

curve frequencies once again have flat-space behavior, i.e., the AdS frequencies reduce to k, 

the CP 3 frequencies reduce to 0, and the fermi frequencies reduce to k/2. 

"'"In showing that the (3,5), (3,6), (4,5), and (4,6) frequencies in Table 4 reduce to those in Table 3, the 
identity in Eq. (80) is useful. 
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Table 4: Spectrum of fluctuations about the spinning string solution computed using the 
world-sheet (WS) and algebraic curve (AC) formalisms. The notation for the frequencies is 
given in Table 5. Polarizations (heavy/light) indicate which pairs of sheets are connected 
by a fluctuation in the AC formalism. 





WS 


AC 


Polarizations 


AdS 






(1,10); (2, 9); (1,9) 


Fermions 


u n + 2 
w n ~ 2 

</2 


< + f - 2 J 

i ) F K 

^m+n 2 

</2 


(1.7) ; (2, 7) 

(1.8) ; (2, 8) 

(1,5); (1,6); (2,5); (2,6) 


CP 3 


C- 
u n 

c+ 


C- 

w n C+ - 2 J 


(3,7) 

(3, 5); (3, 6) 
(4, 5); (4, 6) 



Table 5: Notation for spinning string frequencies. 



eigenmodes 



notation 



V2J 2 + n 2 


± V4J 4 + n 2 K 2 


c± 


y/4J 2 + n 2 


— m 2 




Vn 2 + k 2 




V4J 2 + n 2 


< 



Finally, we would like to point out that both the algebraic curve and world-sheet spectra 
have instabilities when \m\ > 2. For example if we set m = 2, then the algebraic curve 
frequencies labeled by (3,5) and (3,6) become imaginary for n = —3 and n = — 1 and the 
corresponding world-sheet frequencies become imaginary for n = ±1. § 

§We would like to thank Victor Mikhaylov for showing us his unpublished notes on the spinning string 
algebraic curve [43]. In these notes, he also derives the algebraic curve for the spinning string and uses it to 
compute the fluctuation frequencies, however the asymptotics that he imposes on the algebraic curve are 
different than the asymptotics we use in Eq. (27). The differences occur in the signs of several terms on 
the right hand side of Eq. (27). As a result, we obtain frequencies with different constant shifts. 



23 



4.3 One-Loop Correction to the Energy 

For the spinning string, wjy(n) and wz,(n) defined in Eqs. (32) and (33) are nontrivial: 




3u£ + u°-4u%, 
2u>°+ + 2u%- - 2<, 

AC F F sr 

3w n + oj n+m - 2u n - 2u n+m + 2 J , 
2w£+ + 2uF n l m - 2< - 47, 



where WS stands for world-sheet, AC stands for algebraic curve, and we used the notation 
in Table 5. 

To compute the one-loop correction, we must evaluate an infinite sum of the form 



Note that the frequency Q in this equation should not be confused with the off-shell fre- 
quencies defined in section 2. Since we have two summation prescriptions (the old one in 
Eq. (36) and the new one in Eq. (38)) and two sets of frequencies (world-sheet and algebraic 
curve) there are four choices for (J', n, m): 



where old/ new refers to the summation prescription. 

To gain further insight, let's look at the summands in Eq. (48) in two limits: the large- 
n limit and the large- J limit. By looking at the large-n limit, we will learn about the 
convergence properties of the one-loop corrections, and by looking at the large-^7 limit and 
evaluating the sums over n using ^-function regularization, we will be able to compute 
the J~ 2n contributions to the one-loop corrections. These are referred to as the analytic 
terms. In general there can also be terms proportional to l 7 _2n+1 , which are referred to as 
the non-analytic terms, and exponentially suppressed terms, i.e. terms that scale like e - ^. 
These terms are sub-dominant compared to the analytic terms in the large- J limit. 



oo 




(47) 



n=— oo 




(48) 
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Table 6: Large-n limit of £1 {J , n, m) + (J7", n, — m) for the old summation (where 
£l(J ,n,m) = w#(n) + and the new summation (where {jj ,n,m) = 2u;#(2n) + 

wz,(re)) applied to the world-sheet (WS) spectrum and algebraic curve (AC) spectrum. 



WS 



AC 



Old Sum 



^y ) +0(n _ 5) 



2j _ m 2 (llm 2 /4+5J 2 ) 
re 2«n3 + ^ 



n 



-4> 



New Sum 



m 2 (j' 2 -5m 2 /4) 



2K71 3 



+ O (n" 4 ) 



Large-n limit 

Note that in all four cases (JT, — n, m) = £1 {J , re, —m), so the one-loop correction in 
Eq. (47) can be written as 

oo 

SE^ioop = (J, 0, m) + (0 (.7. ™) + (J, n, -m)) . (49) 

n=l 

The large-n limit of Q {J , re, m) + (JT, n, — m) for the four choices of (^7, re, m) is sum- 
marized in Table 6. 

From this table we see that all one-loop corrections are free of quadratic and logarithmic 
divergences because terms of order re and order 1/re cancel out in the large-re limit. At the 
same time, we find a linear divergence when we apply the old summation prescription to the 
algebraic curve spectrum since the summand has a constant term. In all other cases how- 
ever, the summands are at most 0(n~ 3 ), which suggests that the one-loop corrections are 
convergent. Hence we find that both summation prescriptions give finite one-loop correc- 
tions when applied to the world-sheet spectrum, but only the new summation prescription 
gives a finite result when applied to the algebraic curve spectrum. This is the same thing 
we found for the point-particle. The new feature of the spinning string is that the one-loop 
correction is nonzero and therefore provides a nontrivial prediction to be compared with 
the dual gauge theory. 
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Large- J limit 

In the previous section we found that when (JT, n, m) = £l id,AC (<Ji n > m )> the one-loop 
correction is divergent but for the other three cases in Eq. (48), it is convergent. This means 
we have three possible predictions for the one-loop correction, however by expanding the 
summands in the large- J limit and evaluating the sums over n at each order of J using 
(-function regularization, we find that all three cases give the same result. The technique 
of (-function regularization is convenient for computing the analytic terms in the large- 
J expansion of one-loop corrections but does not capture non-analytic and exponentially 
suppressed terms [44]. We now describe this procedure in more detail. 

If we expand in the summand in the large- J limit, only even powers of J appear: 

oo oo oo 

n(J,n,m) = Y,J~ 2k Yl n k(n,m). (50) 
n=— oo k=l n=— oo 

For each power of J, the sum over n can be written as follows 

oo oo 

} j Ofc(n,m) = Ofc(0,m) + (Cl k (n,m) + Vt k (n, -to)) . (51) 

n=— oo n=l 

If we expand Ofc(re, to) in the limit n — > oo, we find that it splits into two pieces: 

2k 

f2fc(n, to) = y~] Ckj(m)n j + f2 fc (n, in) 
j=-i 

where f2fc(re, to) is O ■ We will refer to &k( n , m ) as the finite piece because it converges 

when summed over re, and Y^=-i c fc,j( m ) n ' ? as the divergent piece because it diverges when 
summed over re. Furthermore, we find that fifc(ra, to) = Q, k {n,—m) and Ckj(m) oc m 2k ^^ . 
Hence, the odd powers of n cancel out of the divergent piece when we add 0&(re, to) to 
f2fc(n, —to) and we get 

k 

fifc(re, to) + Ofc(n, —to) = 2 Ck.2j{ m ) n2 ^ + &k( n , m ) 

j=o 

Noting that ("(0) = —1/2 and ( (2j) = for j > 0, we see that only the constant term in the 
divergent piece contributes if we evaluate the sum over n using ("-function regularization: 

oo oo 

^ (£lk(n, m) + f}fc(n, -to)) -)• -c k ,o + 2 ^ ^fc(re, to). 

n=l n=l 
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Combining this with Eqs. (50) and (51) then gives 



SEi-loop — J 



-2k 



k=l 



Q k (0, m) - c k ,o + 2 f2fe(n, m) 



n=l 



Using the procedure described above, we obtain a single prediction for the one-loop 
correction to the energy of the spinning string: 



5E 



1 



1— loop 



2J 2 



8J 4 



2 /4 + £(n(/ 

n=l 

oo 

3m 4 /16 + 



n 2 _ m 2 



nj + m 2 /2^ 



(52) 



n=l 



3m 4 /8 — n 4 
+n\/?T. 2 — m 2 (m 2 /2 + n 2 ) 



+ o 



1 



In showing that Eq. (47) gives this prediction when n,m) = Q n ew,Ac(<J > n i m )i it is 
convenient to shift the index of summation as follows: £l n ew,Ac{.Sf , 

to, to). Since the sum is convergent, this shift does not change its value. Recalling that 
J = ~/=f^ and making the replacement A — > 2A 2 in Eq. (52) then gives a prediction for 
the 1/J correction to the anomalous dimension of the gauge theory operator in Eq. (45): 



A - 2 J 



7t 2 A 2 to 2 



J 



+ ...] + 



1 /2a7r 2 A 2 



J 



J 



+ ... 



(53) 



where 



m, 



/4 + ^2 ( n \\Jn 2 -ra 2 - nj + to 2 /2j . 



n=l 



Note that the first term in Eq. (53) came from expanding the classical dispersion relation 
for the spinning string to first order in the BMN parameter A/ J 2 and then making the 
replacement A — > 2A 2 . We verify Eq. (53) from the gauge theory side in Appendix H. 

5 Conclusions 

In this paper, we study various methods for computing one-loop corrections to the energies 
of classical solutions to type IIA string theory in AdS± x CP 3 . Previous studies which com- 
puted the one-loop correction to the folded spinning string in AdS± found that agreement 
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with the all-loop AdS^/CFT^ Bethe ansatz is not achieved using the standard summation 
prescription that was used for type IIB string theory in AdS§ x S 5 . Rather, a new sum- 
mation prescription seems to be required which distinguishes between so-called light modes 
and heavy modes. We extend this investigation by analyzing the one-loop correction to the 
energy of a point-particle and a circular spinning string, both of which are located at the 
spatial origin of AdS± and have nontrivial support in CP 3 . The spinning string considered 
in this paper has two equal nonzero spins in CP 3 and is the analogue of the SU(2) spinning 
string in AdS§ x S 5 . The point-particle and spinning string are important examples to an- 
alyze because they have trivial support in AdS± and therefore avoid the K-symmetry issues 
that arise for solutions which purely have support in AdS^, such as the folded spinning 
string. 

We use two techniques to compute the spectrum of fluctuations about these solu- 
tions. One technique, called the world-sheet approach, involves expanding the GS action 
to quadratic order in the fluctuations and computing the normal modes of the resulting 
action. The other technique, called the algebraic curve approach, involves computing the 
algebraic curve for the classical solutions and then carrying out semi-classical quantization. 
For the point-particle, we find that the world-sheet and algebraic curve fluctuation frequen- 
cies match the spectrum of fluctuations obtained in the Penrose limit up to constant shifts. 
Furthermore, for the spinning string we find that the algebraic curve spectrum matches the 
world-sheet spectrum up to constant shifts and shifts in mode number. In particular, the 
AC and WS frequencies for the spinning string both reduce to the corresponding point- 
particle frequencies when the winding number is set to zero and become unstable when the 
winding number \m\ > 2. This is familiar from the SU(2) spinning string in AdS§ x S 5 
[33, 45] which has instabilities for \m\ > 1. 

Although the algebraic curve spectrum looks very similar to the world-sheet spectrum, 
it exhibits some important differences. For example, we find that the algebraic curve fre- 
quencies have flat-space behavior when the mode number n = 0. This was also found 
for algebraic curve frequencies in AdS§ x S 5 . More importantly, if we compute one-loop 
corrections by adding up the algebraic curve frequencies using the standard summation 
prescription that was used in AdS§ x 5 5 , then we get a linear divergence. This is incon- 
sistent with supersymmetry because we expect the one-loop correction to vanish for the 
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point-particle and to be nonzero but finite for the spinning string. We propose a new sum- 
mation prescription in Eq. (38) which gives precisely these results when applied both to the 
algebraic curve spectrum and the world-sheet spectrum. This summation prescription has 
certain similarities to the one that was proposed in [30]. In particular, it also gives a one- 
loop correction to the folded spinning string which agrees with the all-loop Bethe ansatz. 
At the same time, it has some important differences which are described in section 2.3. For 
example, we find that our summation prescription generally gives more well-defined results 
for one- loop corrections. 

In principle we can get three predictions for the one-loop correction to the spinning 
string (one coming from the algebraic curve and two coming from the world-sheet since the 
world-sheet gives finite results using both the old summation prescription in Eq. (36) and 
the new summation prescription in Eq. (38)), but by expanding the one-loop corrections 
in the large- J limit (where J = J== and J is the spin) and evaluating the sum at each 
order in J using £- function regularization, we find that all three cases actually give the 
same result. This is very nontrivial considering that our new summation prescription looks 
very different than the old one. Furthermore, we show that this result agrees with the 
predictions of the Bethe ansatz. Thus, while the old summation prescription only seems 
to work when applied to the world-sheet frequencies of solutions with trivial support in 
AdS^, our summation prescription works more generally. Fully understanding why the old 
summation prescription breaks down for solutions with nontrivial support in AdS^ warrants 
further study. 

It would be useful to confirm our results using methods more rigorous than ^-function 
regularization. This can be done using the contour integral techniques developed in [46], 
which can also be used to compute 1/J 2n+1 and exponentially suppressed terms in the 
large-^7 expansion of the one-loop corrections. It would also be interesting to evaluate the 
one-loop correction to the spinning string energy in a way that does not rely on summation 
prescriptions. The basic idea would be to identify the one-loop correction with a normal 
ordering constant which can be then determined by demanding that the quantum generators 
of certain symmetries preserved by the classical solution have the right algebra. Something 
along these lines was done for the type IIB superstring in plane- wave background in [47]. 
Ultimately, fully understanding how to compute one-loop corrections to type IIA string 
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theory in AdS^ x CP 3 may lead to important tests of the AdS^/CFT^ correspondence. 
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Appendices 

A Review of AB JM 

The ABJM theory is a three-dimensional superconformal Chern-Simons gauge theory with 
J\f = 6 supersymmetry. The bosonic field content consists of four complex scalars Z l ,Z 2 , 
Z 3 , Z 4 and their adjoints z\,z\, Z$, z\ (which transform in the (N, N) and (N, N) repre- 
sentations of the gauge group U (N) x U (N)) as well as two U(N) gauge fields A^ and A^. 
The kinetic and Chern-Simons terms for these fields are 

Ckin = -^tr (D^D^Zj 
Cos = ^ uXiT (Ia^Ax + l -A^A v Ax - ^A^Ax - % -A^A v Ax 



where D^Z 1 = d^Z 1 + i yA^Z 1 — Z 1 A^J and k is called the level. For the complete 
action see [48, 49]. The scalars have mass dimension 1/2 and transform in the fundamental 
representation of the R-symmetry group SU(4). Their adjoints transform in the anti- 
fundamental representation of SU(4:). The theory has a large- N expansion with 't Hooft 
parameter A = N/k. For k = 1,2, the theory is conjectured to have N = 8 supersymmetry. 
For k <^ N <C k 5 , the theory is conjectured to be dual to type IIA string theory on 
AdS A x CP 3 . 



30 



For operators of the form 

the two-loop dilatation operator is given by 

A 2 2J 

A-J=yJ^(2- 2P iM2 + Pi, i+2 T iA+1 + r M+1 P M+2 ) (54) 
i=i 

where A = N/k, P is the permutation operator, and T is the trace operator [3]. Note that 
the indices are periodic, i.e. 2 J + 1 ~ 1 and 2 J + 2 ~ 2. 

B AdS A x CP 3 Geometry 

We use M,N = (0,1,... 9) to label base-space indices and A,B = (0,1,... 9) to label 
tangent-space indices. We assign the first four indices to AdS^ and the last six indices to 
CP 3 . In this appendix, we take the AdS^ and CP 3 spaces to have unit radii. A radius R 
can be readily incorporated by ds 2 — > R 2 ds 2 and eu A R&m A - 

B.l AdS A 

The metric for an AdS± space with unit radius in global coordinates (t, p, 9, (ft) is given by 

dsAdSi = ~ cosh2 P&t 2 + d P 2 + sinh2 P ( d # 2 + sin2 dd (ft 2 ) , (55) 

where — oo < t < oo, < p < oo, < # < 7r, < (ft < 2ir. 
The embedding coordinates are defined by 

2,2 2 2 2 -i /r C \ 
n l + n 2 — n 3 ~~ n 4 ~~ n 5 = 1) (56) 

and they are related to the global coordinates by 

m = cosh p cost, 
Ti2 = cosh p sin i, 

113 = sinh p cos 9 sin 0, (57) 
n-4 = sinh p sin # sin (ft, 
n-5 = sinh p cos 



31 



Because the global coordinates are not well denned at p = 0, it is useful to define Cartesian 
coordinates (t, rjx, 7/2, 7/3) = (0, 1, 2, 3) for which the metric is given by 



dsAdS 4 — 9 J MN idxM dX N 



1 



[1-7] 



2^2 



'l +r] 2 ) 2 dt 2 +4drj- df] 



(58) 



Note that this metric is only valid for r] 2 = ff ■ fj = rjf + r]% + rj 2 < 1. These coordinates are 
related to the global coordinates by cosh/9 =(l + r/ 2 )/(l — r/ 2 ). 

The vielbein (defined by gf,f^ i = e-M A &N Br \AB where tjab = diag ( — 1, 1, 1, 1)) is given 

by 

A 




(i-V) 




V 








2 






(1=^) 







2 , 
(1-7,2) / 



where M = (0, 1, 2, 3) labels the rows and A = (0, 1, 2, 3) labels the columns. 
The nonzero components of the spin connection (wjf' 



AB , , BA\ QT , Q 



o;o 01 = 


2t/ 1 /(1-t/ 2 


) , Wo 02 = 27/ 2 / 


;i- 


t/ 2 ), co 03 = -2r/ 3 / (1 - V 2 ) , 


<V 2 = 


2 m / (1 - r/ 2 


), o;i 13 = 2r/ 3 / 


;i- 




u, 2 21 = 


2 m /{l- V 2 


) , w 2 23 = 2r/ 3 / 


;i- 


v 2 ), 




2 m / (1 - r/ 2 


) , w 3 32 = 2t/ 2 / 


;i- 


v 2 )- 


B.2 CP 3 










The metric for 


a CP 3 space 


with unit radius 


in j 


dobal coordinates (ip,£,,(pi,0i,<f2,62 


(4,5,6,7,8,9) 


is given by 









ds 2 cpz = g%fxdX M dX N = df + cos 2 f sin 2 £ (dip + - cos #id<^i - - cos 6^2! (59) 

+- cos 2 £ (d^ 2 + sin 2 e^cpf) + 7 sin 2 £ (dflf + sin 2 2 d^) , 

where < f < vr/2, < V < 2vr, < 9 { < vr, and < cpi < 2vr [50, 19, 26]. The CP 3 Kiihler 
form is given by J= dA where 



A = - (cos 9\ cos £,d(f>\ + cos 62 sin £d^2 + cos 2£dtp) . 
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(60) 



The embedding or homogeneous coordinates (z 1 G C) are defined by 



£ 

1=1 



J\ 2 



z 1 ~ e *V, 



(61) 



where A G M.. The embedding coordinates are related to the global coordinates by 



: j - cos £ cos y ex P ( i 



Z2 
Z3 



cos £ sin ^ exp ( % ^ 2 yi 
sin £ cos % exp ( i ~^+^ 2 



-■4>—ip2 



(62) 



2:4 = sin £ sin % exp ( i 



Note that the metric in Eq. 59 can be written in terms of embedding coordinates as follows: 



dz ■ dz^ — ■ dz^j (z ■ dz^\ 



where z • z^ = X]/=i 



zht 



The vielbein (defined by g*lf N = &m A ^n B ^Ab) is 



/ cos£sin£ 

10 

cos £ sin £ cos #i /2 cos£sin0i/2 

cos£/2 

— cos £ sin £ cos 02 /2 sin £ sin #2/2 

V 









sin£/2 / 



where M = (4, 5, 6, 7, 8, 9) labels the rows and A = (4, 5, 6, 7, 8, 9) labels the columns. 
The nonzero components of the spin connection (ujm AB = ~^M BA ) are 



to>4 



45 
15 
67 
46 
54 
67 
84 



cos (2£) , 

cos 0i cos(2£) /2, 



io'4 



76 

74 



sin 2 £, 



w 6 74 = w 6 56 = sin 0i sin£/2, 



cos 0i (sin 2 £- 2)/2, w 6 89 = cos X cos 2 £/2, 



57 



sine/2, 
cos 2 cos(2£) /2, 
cos 2 sin 2 £/2, 
W9 95 = cos£/2. 



W 8 



19 

98 



ws 85 = sin 2 cos£/2, 
cos 2 (cos 2 £ - 2)/2, 



U)4 



89 



cos 2 £, 
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B.3 Fluxes 

Using the vielbein, we can convert between base-space and tangent-space coordinates. In 
particular, by writing the four-form field strength in Eq. (lc) in tangent-space coordinates, 
one finds that 

FaBCD = jptABCD, (63) 

where £0123 = 1 an d all other non-zero components are related by antisymmetry. Further- 
more, if one takes the exterior derivative of Eq. (60), plugs this into Eq. (Id), and converts 
to tangent-space coordinates, one finds that 

2k 

Fab = jp£AB, (64) 

where £45 = £67 = esg = 1 and all other non-zero components are related by anti-symmetry. 
Equations (lb), (63), and (64) then imply that 

2 



e *r-F 2 = ~ (r 45 + r 67 + r 89 ) , 

6 



e <p r-F 4 = -r 0123 . 

R 

Plugging these expressions into Eq. 12 then gives 

r . F = -L [-r n (r 45 + r 67 + r 89 ) + 3r 0123 ] . (65) 
C Dirac Matrices 

We use the following representation of the lOd Dirac matrices ({r^T 5 } = 2r/ AB ): 

r° = «7° ® I ® I ® I, r 1 = ry 1 ® I ® I I r 2 = «7 2 ® I ® I ® I, 

r 3 = i7 3 <g) I 01® I, T 4 = 7 5 ®cr 2 ®I®cri, T 5 =7 5 ®cr 2 ®I®cr 3 , 

r 6 = 7 5 ® cri 2 I, T 7 = 7 5 cr 3 cr 2 I, T 8 = 7 5 1 err a 2 , 
T 9 = 7 5 ®I®a 3 ®cJ2, 

where I is the 2x2 identity matrix, the 7'^ are 4d Dirac matrices given by 

7° = (Jl®I, 7 1 = i<T 2 ®(Ti, 

7 2 = ia 2 ® £T 2 , 7 3 = ia 2 cr 3 , 

ryb _ ^0^,1^,2^,3^ 
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and the Pauli matrices are given by 





" 


1 " 




" -i ' 




" 1 


01 = 


1 


_ 


0-2 = 


i 


CT3 = 


0-1 



Finally, we define the lOd chirality operator as 

p ^ p0plp2p3p4p5p6p7p8p9 

D Point-Particle Spectrum from the World- Sheet 
D.l Bosonic Spectrum 

To compute the spectrum of bosonic fluctuations about the point-particle, first add fluctu- 
ations to the classical solution in Eq. (39): 

t = kt + 5t(r, a), r]i = 5t]i(T,a), £ = 7r/4 + <5£(r, a), 

6j = it/2 + 69j(r, a), ifi = kt + 6tp(r, a), <pj = 54>j(r,a), 

where i = 1,2,3 and j = 1,2. Expanding the bosonic Lagrangian in Eq. (4) to quadratic 
order gives 

1 1 3 

^c bos = -- {dstf + - (dd^f + Y, [Wm? + ^ 2 H 2 ] + (dso 2 + * 2 ^ 2 



4 

1 



i=l 



1 



-k59o 



where (df) 2 = — (<9 T /) 2 + (d a f) 2 - We immediately see that the fluctuations St and 5tp 
are massless, while 5r]i and 5£ have mass k. If we consider Fourier modes of the form 
/(t, a) = f e t ( UJT + n < J ) ; then the equations of motion for the remaining fields reduce to 



0. 



The dispersion relations for the normal modes of this system are obtained by taking the 
determinant of the matrix on the left-hand side, setting it to zero, and solving for uj. The 
positive solutions are 

til 1 1 n.2 1 

(66) 



/ uj 2 — n 2 


— lUJK 








) 




( t 


>01 


\ 


zujk 


uj 2 - n 2 












I 


01 










uj 2 — n 2 


IUJK 












V o 





—iujK 


ui 2 — n 2 


J 




w 


~<h 


) 



UJ 
K 



+ ~ 2± 2 



4 K 
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Each of these solutions has multiplicity two, giving a total of four positive solutions. 

In summary, we find that there are eight massive modes and two massless modes. Three 
of the massive modes come from AdS±. Their dispersion relations are given by 

uj / n 2 

K V K z 

The remaining five massive modes come from CP 3 . One of them has the dispersion relation 
in the equation above and the other four have the dispersion relations in Eq. (66). The two 
massless modes are longitudinal and can be discarded. This can be seen by expanding the 
Virasoro constraints in Eq. (8) to linear order in the perturbations. Doing so gives 

d T (5t - 5tp) = d a (St - 5ip) = 0. 

Noting that (d5t) 2 — (d5ip) 2 = d (6t — 5ip) d (5t + 5ip) , we see that the equation above 
implies that all terms in the action involving 5t and Sip vanish. 

D.2 Fermionic Spectrum 

In order to compute the spectrum of fermionic fluctuations about the point-particle solution 
given by Eq. (39), we only need to know the pullback of the vielbein and the spin connection 
in the background of this classical solution. These are given by 

e T = \j (-T + T 4 ) , e a = 0, (67) 

and 

u T = j (r 89 - r 67 ) , uv = o. (68) 

Plugging these expressions into Eq. (11) gives 

p + = ^(i + r°r 4 ), (69) 

where we used K = d T X^e^ = (R/2)J. It is straightforward to check that Eqs. (13,14) 
are satisfied for the point-particle solution. Therefore, by plugging Eqs. (65,68,69) into 
Eq. (16) and using the Dirac matrices in appendix B, we obtain an explicit form of the 
equation of motion for the fermionic fluctuations. The frequencies are then determined 
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using the procedure described at the end of section 2.1. In particular, the positive fermionic 
frequencies are given by 



OJ-2 
U) 3 



s/ k 2 + n 2 , 

- \/ k 2 + 4n 2 + — , 
2 2 

- v/k 2 + 4n 2 . 

2 v 2' 



where to>2 and have multiplicity two while uj\ has multiplicity four, for a total of 8 
fermionic frequencies. 

E Point-Particle Algebraic Curve 
E.l Classical Quasimomenta 

In this section, we compute the algebraic curve for the classical solution given in Eq. (40). 
First we plug this solution into Eq. (18): 



AdS 4 



2k 



( 1 \ 

-10 





V 0/ 



CP 3 



ij 



( 1 





V 



\ 



-1 

/ 



3a = 0. 



Note that this connection is independent of a, so it is trivial to compute the monodromy 
matrix in Eq. (19) since path ordering is not an issue. Diagonalizing the monodromy 
matrix and comparing the eigenvalues to Eqs. (20) and (21) then gives p\ = —pi = , 
pi = —p4 = tit, and p2 = P3 = P2 = P3 = 0. Recalling that k = J and plugging these 
results into Eq. (22), we find that the classical quasimomenta are 

2ttJx 



qi = Q2 = 93 



x- 



1' 



<75 = 0. 



(70) 



The algebraic curve corresponding to these quasimomenta is depicted in Fig. (2). Note that 
all sheets except those corresponding to q§ and q§ have poles at x = ±1. 

E.2 Off-shell Frequencies 

Recall from Eqs. (30,31) and table 2 that if we know the off-shell frequencies f2is(?/) and 
^45(2/); then all the others are determined. Let's begin by computing Oi5(y). Suppose 
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Figure 2: Classical algebraic curve for the point-particle rotating in CP 3 . 

we have two fluctuations between q\ and q&. To satisfy level-matching, let's take one of 
these fluctuations to have mode number +n and the other to have mode number — n. Each 
fluctuation corresponds to adding a pole to the classical algebraic curve. The locations of 
the poles are determined by solving Eq. 24. We will denote the pole locations by x± n . We 
then make the following ansatz for the fluctuations: 



where a{x) is defined in Eq. (28), ± stands for the sum over the positive and negative 
mode number, and y is a collective coordinate for the positions of the two poles x± n . We 
have not made an ansatz for 5q^ and 5q^ because they are not needed to compute f2i5(y). 
Notice that this ansatz satisfies the inversion symmetry in Eq. (26) and has pole structure 
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in agreement with Eq. (28). In the large- x limit, the fluctuations reduce to 

lim 8qi(x,y) ~ -Va(^ 5 ), 

x— >oo x 

lim 5qo(x,y) ~ ^ , 

lim 5q 5 (x,y) 



29X ^ (x n 
1 

gx 

where we nee lect O (x~ 2 ) ter ms. Comparing these expressions to Eq. (27) implies that the 
anomalous energy shift is given by 



± (4 5 ) - 1 



The off-shell fluctuation frequency is then obtained by plugging this into Eq. (29) and 
recalling that the (1,5) fluctuation is fermionic: 

n 15 (y) = A(y) + V 5 = A(y) + 1 = £ ^^S^T' 
2 ± 2 {x£) - 1 

This implies that the off-shell frequency for a single fluctuation between q\ and q§ is given 
by 

^15 y = -7.-2 7- 

2^-1 

Now let's compute ^45(2/). Once again, let's suppose that we have two fluctuations 
between q^ and q^ which have opposite mode numbers ±ra. We make the following ansatz 
for the fluctuations: 

6qi(x,y) = a± r^r + 6q 2 (x,y) = 

X + 1 x — 1 

8qi{x,y) = -J2 ~T~45 > ^3^, 2/) = Sq^l/x, y), 



>v x i y; ^ _ 45 1" 1 / _ 45 ) 



where a±(y) are some functions to be determined. Note that this ansatz satisfies the 
inversion symmetry in Eq. (26) and has pole structure in agreement with Eq. (28). Taking 
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the large- x limit gives 

hm 5qi(x,y) ~ , lim 6q 2 (x, y) ~ a_ (y) - a + (y) H , 

lim 5q 3 (x,y) ~ 0, lim Jg 4 (a;, y) - — , lim <5<? 5 (x, y) ~ — . 

X— >oo x— >oo gx x— >oo gx 

Comparing these limits with Eq. (27) implies that 

a+ (y) = a„(y) = ^-. (71) 

Furthermore, the residues of the poles at x = ±1 must be synchronized according to 
Eq. (25). For example, if we equate the residues of 5qi and Sq^ near x = +1 we find that 

lim 5q\ (x, y) ~ — = lim 5qA ~ ( — ] > = — — ^ . 

ib-H-1 y v u > x-1 x^+i y4 y4g ^ xf - 1J x - 1 yy ' Ag ^ xf - 1 

Combining this with the Eq. (71) implies that 

A ^) = E^TT- (72) 

At this point it is useful to recall that xf is a root of the following equation (which comes 
from plugging Eq. (70) into Eq. (24)): 

1<njxf 

= 2nn. 

{xf) 2 - 1 

Note that this equation has two roots. The convention that we will follow is to assign the 



pole to the root with larger magnitude. Hence, if n < then xf = f _ y 1 + an d if 
n > then xf = ^ + y^l + ^r- The point to take away from this discussion is that 

x 45 = 45 

Using this fact, Eq. (72) can be written as follows: 

1 1_ _ 2 _ v 1 

[V) " 41 " 1 41 + 1 " (xf n ) 2 - 1 " ^ (4 5 ) 2 " 1' 
The off-shell fluctuation frequency is then obtained by plugging this into Eq. (29) and 
recalling that the (4, 5) fluctuation is a CP 3 fluctuation: 



^(y) = A(y) = Ej^f- l 



40 



Table 7: Off-shell frequencies for fluctuations about the point-particle solution. 



n(y) 



Polarizations 



AdS 



;i, 10); (2,9); (1,9) 



Fermions 



r+3 

2(^-1) 

y 2 +i 
2(^-1) 



(1,7); (1,8); (2, 7); (2, 8) 
(1,5); (1,6); (2, 5); (2, 6) 



CP 3 



y2_l 
1 

y2_l 



(3,7) 



(3, 5); (3, 6); (4, 5); (4, 6) 



It follows that the off-shell frequency for a single fluctuation between q^ and gs is given by 

shs(y) = ~2—. r- 
r - 1 

The remaining off-shell frequencies are now easily computed from Eqs. (30,31) and table 
2. We summarize the off-shell frequencies in Table 7. 

E.3 On-shell Frequencies 

To compute the on-shell frequencies, we must compute the locations of the poles by solving 
Eq. (24). Recall that fluctuations that connect q§ or q§ to any other sheets are referred to 
as light, and all the others are referred to as heavy. A little thought shows that for light 
fluctuations, Eq. (24) reduces to 

2 _ ; = n > 
x n 1 

and for heavy fluctuations it reduces to 



Each of these equations admits two solutions. We will assign the location of the pole to 
the solution with greater magnitude. Assuming n > 0, the location of the pole for light 
excitations is then given by 

J [j~ 2 



41 



and the location of the pole for heavy excitations is given by 



X n = — + V^y + 1- 

n V n z 

Plugging these solutions into the off-shell frequencies in Table 7 readily gives the on-shell 
algebraic curve frequencies in Table 3. 

F Spinning String Spectrum from the World- Sheet 
F.l Bosonic Spectrum 

In this section we calculate the spectrum of bosonic fluctuations about the circular spinning 
string in AdS^ x CP 3 . Let's begin by adding fluctuations to the solution in Eq. (41): 

t = KT + St(r,a), rji = 5rji(T,a), £ = 7r/4 + 5£(t, a), 
Oj = tt/2 + 59j(T, a), ip = ma + 5<ip(r, a), 4>j = 2Jt + <%(t, a), 



where i = 1,2,3, j = 1,2, and k = \J + m 2 . Expanding the bosonic Lagrangian in 
Eq. (4) to quadratic order in the fluctuations gives 

1 3 

i=l 

+8 (#) 2 + 8 (5£) 2 - m 2 5^ + 8 {59+f + 4J 2 (59 + ) 2 + 8 {59 -f 
+d (5<j>+) 2 + d {5(f)-) 2 + AJ (59^d T 5$ + 5£d T 5(j>-) 
-2m (8Q-d a 8<l>+ + 80+d a 8<l>-) , 

where 6$ = V25ip 7 8£ = 2\/2££, 59± = {59i ± 59 2 ), 5<p± = ^ (5<f>i ± <50 2 ), and (df) 2 = 
- (d T f) + {defy. Note that the AdS± fluctuations are the same as those of the point- 
particle. In particular, we see that St is massless and dr/i have mass k. If we consider 
Fourier modes of the form /(r, a) = J e i ( UJT + na ~) ; then the equations of motion for the CP 3 
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8ij> 



0. 



fluctuations reduce to 

/ uj 2 - n 2 + m 2 2ijuj \ f S l \ 

2ijuj uj 2 — n 2 —imn 

imn uj 2 — n 2 — AJ 2 

uj 2 - n 2 -2iju 

uj 2 — n 2 —imn 

\ 2ijuj imn uj 2 - n 2 j 

(73) 

Because the matrix in Eq. (73) is block diagonal, the fluctuations I 6£, 5(f)- , 59 + I and 



Sip, 50+, 59- J are decoupled. The frequencies are determined by taking the determinant 
of the matrix and finding its roots. The equation we must solve is 

(n 2 - a; 2 ) {AJ 2 - m 2 + n 2 - u 2 ) (n 4 - m 2 n 2 - {AJ 2 + 2n 2 ) u 2 + oo 4 ) 2 = 0. 

This polynomial has 12 roots, which come in opposite signs. Of the six positive roots, three 
correspond to the fluctuations I <5£, 5(j)-, 59^ 



\lAJ 2 + n 2 - m 2 , y 2J 2 + n 2 ± \J AJ^ + n 2 K 2 , 
and three correspond to the fluctuations [Sip,6(j>^.,S9- 



uj = n 



2 J 2 + n 2 ± \J A J 4 + n 2 n 2 . 



Note that the solution uj = \n\ corresponds to a massless mode, which can be discarded along 
with the other massless mode St. The remaining eight modes are massive and correspond 
to the transverse degrees of freedom. 

F.2 Fermionic Spectrum 

In this section we compute the spectrum of fermionic fluctuations about the spinning string 
solution in Eq. (41). The pullback of the vielbein and the spin connection in the background 
of this classical solution are given by 

e. = ^(-V + ^(r 6 + r 8 )), e CT = ^, (74) 



43 



and 

uj t = V2j (r 74 + r 85 + r 49 + r 56 ) , Wff = m (r 89 + r 76 ) . (75) 

Plugging these expressions into Eq. (11) then gives 



jfi + ^r (r 6 + r 8 ) + 



p + = ~\i + (r e + r 8 ) + -r°r 4 r n , (76) 



where we used K = drX^e^ = (R/2)k. It is straightforward to check that Eqs. (13,14) 
are satisfied for the spinning string solution. Therefore, by plugging Eqs. (65,75,76) into 
Eq. (16) and using the Dirac matrices in appendix B, we obtain an explicit form of the 
equation of motion for the fermionic fluctuations. The frequencies are then determined 
using the procedure described at the end of section 2.1. In this way, the positive fermionic 
frequencies are given by 

wi = \J\J 2 + n 2 + |, 
0J2 = \/4J 2 + n 2 



w 3 



2 

-\/k 2 + 4n 2 , 



where uj\ and UJ2 have multiplicity two while u>3 has multiplicity four, for a total of 8 
fermionic frequencies. In obtaining these expressions, Eq. 80 is useful. 

G Spinning String Algebraic Curve 
G.l Classical Quasimomenta 

Since the spinning string has the same motion in AdS^ as the point particle, the AdS^ 
quasimomenta have the same structure and are given by 

?l 0*0 = q2{x) 



x 



2 -l' 



where k = \> '\J 2 + m? for the spinning string. Therefore, we just have to find the CP 3 
quasimomenta. For the classical solution in Eq. (42), one finds that the connection in 
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Eq. (18) is given by 

Oo) C p3 



ij 



im 



( 


1 







\ 






1 
















-1 




V 










"I / 


/ 


1 





e -1ijr 








-1 









e 2ijr 





1 





V 





_ e 2ijr 





-1 



Using Eq. (19), the CP part of the monodromy matrix is given by 

f 2n 



A(x) 



1 f zn 

P exp — 2 / da J (a, 

x ~ 1 Jo 



where 



J(<7, x) 



/ » (Js + m/2) 

im/2 
\ o 



i(Jx-m/2) 


—im/2 



im/2 


-i(Jx-m/2) 
-ijxe ima 



\ 

—im/2 

-ijxe~ ima 
-i{Jx + m/2) ) 



(77) 



and we set r = since the eigenvalues of A(x) are independent of r. At this point, it is use- 
ful to observe that under a gauge transformation of the form J(cr, x) — > g~ 1 (a)J(cr, x)g(a) — 
g~ 1 (cr)d (7 g(a) 1 the monodromy matrix transforms as A(x) — > g -1 (0)A (x) g(2n). If g(0) = 
±g(2n), then the eigenvalues of A(x) are gauge invariant up to a sign. Furthermore, if we can 
choose g{cr) such that the cr-dependence of J(<7, x) is removed, then the monodromy matrix 
would be trivial to evaluate since path-ordering would not be an issue. This can be accom- 



plished using the gauge transformation g (ex) = diag{e 
Under this transformation, J(cr, x) becomes 



-imo/2 ima/2 —ima/2 ima/2\ 



m 



J(cr, x) — > J(0, x) + i — diag[l, —1, 1, — 1]. 
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(78) 



g(2n) so we must supplement this gauge transformation with 



When m is odd, g(0) - 
A(x) -)• -A(x). 

Diagonalizing A(x) and comparing to Eq. (21) gives 



Pi 

P2 
P3 



2nx 



2-_ _ K(l/x)] - vrm 

P2, PA = -Pi, 



^ [K(x)+K(l/x)]-irm, 



(79) 
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Figure 3: Classical algebraic curve for the circular spinning string in CP 3 . 



where K(x) = y 1 J 2 + m 2 x 2 /4. In deriving Eq. (79), we made use of the following identity: 

\Ja±Vb = ^\J2A + 2\J A 2 -B±\j2A- 2 \J A 2 - B^j . (80) 

Furthermore, we subtracted irm from p\ and p2 and added Trm to ps and y>4 so that the 
quasimomenta are 0{\/x) in the large- x limit. This also implements the transformation 
A(x) — > — A(x) when m is odd. The quasimomenta qs(x), qi{x) 1 and q§{x) are then given 
by plugging Eq. (79) into Eq. (22) 

qs(x) = ^K(x) - 27rm, 

qi(x) = -q 3 (l/x) - 2nm = £^K(l/x), (81) 
q 5 {x) = 0. 

From these quasimomenta, we see that the spinning string algebraic curve has a cut between 
qs and qs and between q^ and q-j (by inversion symmetry). The classical algebraic curve is 
depicted in Fig. (3). 

G.2 Off-shell Frequencies 

Since q\ and q§ have the same structure as they did for the point-particle solution, a little 
thought shows that ^15(2/) should be the same as we found for the point-particle. In 
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particular, 

»15U/) = -7.-2 7- 

2y l -l 

From Eqs. (30,31) and table 2, it follows that the only off-shell frequency we need to compute 
is f&45(x). 

Let's suppose that we have two fluctuations between q^ and 55; one with mode number 
+n and the other with mode number —n. These fluctuations correspond to adding poles 
to the classical algebraic curve. The locations of the poles will be denoted x± n . Looking at 
Eq. (81), we see that is proportional to a square root coming from K(l/x). We therefore 
expect that dq^x) should be proportional to d x K(l/x) oc l/K(l/x) and make the following 
ansatz for the fluctuations: 

Sqi(x,y) = + °~ V , 5q 2 {x,y) = -5qi(l/x,y), 

x + 1 x — 1 



a(x) | a(l/x) 
fx — x 



45 ' 

n 



5qi{x,y) = h(x,y)/K(l/x), dq s (x, y) = -Sq^l/x, y). 

where Y^± stands for the sum over positive and negative mode number, y is a collective 
coordinate for x± n , a(x) is defined in Eq. (28), and a±(y) are some functions to be deter- 
mined. Note that this ansatz is consistent with the inversion symmetry in Eq. (26). We 
also make the following ansatz for h(x,y): 

a + {y)K(l) , a-{y)K(l) ^ a(xf)K (1/xf) 



h(x,y) 



X + 1 x — 1 ^ x — xf^ 



For this choice of h(x,y), the residue of 5q^ at x = x± n agrees with Eq. (28) and the 
residues of all the fluctuations are synchronized x = ±1 according to Eq. (25). To compute 
the anomalous energy shift, we must look at the large- X behavior of the fluctuations and 
compare them to Eq. (27). At large x, 5q 2 and 5q^ are given by 

lim Sq 2 (x,y) ~ a_(y) - a+(y) + - (a+(y) + a_(y)) , 



lim 5q 4 (x,y) ~ — 



K(l) (a + (y) + a_(y)) - 5>(x«)Jf(l/x«) 
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where we neglect terms of 0(x 2 ). Comparing the asymptotic forms of 5q2 and dq^ with 
Eq. (27) gives 



a+(y) = ol-{v) 



A(y) = 1 
4^ « 



5 



+ ^a(4 5 )^(l/4 5 ) 



± 



where « = 2if (1). Recalling that the (4,5) fluctuation is a CP 3 fluctuation, Eq. (29) implies 
that 

^45 (y) 



1 



, ,. 1.-, ,2 



?K(l/xf) 



{xfy - 1 



2J 

K(iy 



This implies that for a single fluctuation 



^45 (y) 



2y 2 K(l/y) 2J 



k y 2 — 1 re 

Now it is trivial to write down all the other off-shell frequencies using the relations in 
Eqs. (30,31) and table 2. The off-shell frequencies are summarized in Table 8. 



Table 8: Off-shell frequencies for the fluctuations about the spinning string solution. 



«(y) 


Pole Location 


Polarizations 


y 2 + l 


2kx„ = n (x^ — l) 


(1,10); (2, 9); (1,9) 


1 y 2 + i 1 2 fy 2 K(l/y) „\ 

2 2/ 2 -l 1 K \ 2/2-1 U ) 
1 2/ 2 + l | 2 K(y) 

2y 2 -l 1 «y 2 -l 

1 2/ 2 + l 

2 2/2-1 


x n (k + 2iT(l/ir n )) = n(x n - l) 
£ n (k + 2if(a: n )) = (n + m) (x£ - l) 
ra„ = n (x 2 - l) 


(1.7) ; (2, 7) 

(1.8) ; (2, 8) 

(1,5); (1,6); (2, 5); (2, 6) 


2 

2 J 

K J 


^{K(y)/y + yK(lly))-J 

'<(v) 




2ir„ (iT(x n ) + #(l/x n )) = (n + m) (x 2 n - l) 
2a:„i ; i:(a; rl ) = (n + m) (x n - l) 
2a; n K(l/a ; „) = n (x 2 n - l) 


(3,7) 

(3, 5); (3, 6) 
(4, 5); (4, 6) 



G.3 On-shell Frequencies 

The structure of this section is as follows: for each row of Table 8, we find the solutions 
of the equation in the second column, plug the solution with greatest magnitude into the 
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off-shell frequency in the first column, and simplify the resulting expression to obtain the 
on-shell algebraic curve frequency in the corresponding row in Table 4. We use the following 
notation for on-shell frequencies: 

io n = SI (x n ) . 

• (1,9); (2,9); (1,10) 

The equation for the pole location implies that x 2 1 _ 1 = 2 2x • Pl u SS m S this into the 
formula for the off-shell frequency implies that 

Tl 

Solving for the pole location gives 

x n = — i \/ k 2 + n 2 ^ . 
Choosing solution with larger magnitude and plugging it into Eq. (82) then leads to 



K 2 



Wn = \l 1 + 

(1.7) ; (2,7) 

The equation for the pole location implies that ggjHl/pO _ n _ , Plugging 

this into the off-shell frequency and doing a little algebra gives 

cj n = -x n - 2 ^- 1/2. (83) 

K K 

Solving for the pole location gives 

x n = - ( K ± V^J 2 + n 2 

Taking the solution with larger magnitude and plugging it onto Eq. (83) then gives 

- (V±J 2 +n 2 -2j) + \. 
k V / 2 

(1.8) ; (2,8) 

From the equation for the pole location we find K Jf™\ = (n + m) — 2( x *-i) • 
Plugging this into the off-shell frequency and doing a little algebra gives 

uj n = + 1/2. (84) 
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The solutions to the equation for the pole location are 

(m + n) 



Xf, 



n(2m + n) 

Taking the solution with larger magnitude and plugging it into Eq. (84) gives 

n(2m + n) 1 



+ 1/2. 



« K + \J^J 2 + (m + n) 2 

Finally, multiplying the numerator and denominator in first term by k—^/AJ" 2 + (m + n) 2 
and doing a little more algebra gives 

uj n = -\fij 2 + {m + nf - -. 

(1,5); (1,6); (2,5); (2,6) 

This is very similar to the calculation for 19, 29, 1 10, so we omit it. 
(3,7) 

From the equation for the pole location, we have = k(x )+K(i/x ) • P m gg m g 

this into the off-shell frequency gives 



1 — K(x n ) + x n K(l/x n ) 

K K (x n ) + K (1/Xn) 



(85) 



Let's focus on the term j3. Multiplying the numerator and denominator by K(x n ) — 
K(l/x n ) gives 

1 ■■ 2 x n K(l/x n ) 2 + (x n - \/x n )K{x n )K{l/x n ) 



m 2 (x n - l/x n )(x n + l/x n )/4 
By squaring the equation for the pole location, we find that 



(86) 



K{x n )K{l/x n ) 



1 



1 



(n + mf (x n - \jx n ) 2 - K{x n ) 2 - K{l/x n f 



Plugging this into Eq. (86) and doing some algebra gives 



P 



1 2 

irrr 



[3(a n - l/x n ) + l/xl - xj] + 8J 2 (l/x n -x n ) + \{n + m) 2 (x n - l/x n f 
m 2 (x n - l/x n ){x n + l/x n ) 
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Noting that x 3 — l/x 3 = (x 2 + l/x 2 + l) (x—l/x) and doing some more algebra then 
gives 

P 



-8J 2 + n(f + m) (x n -l/x n y 



m 2 (x n + l/x n ) 
Noting that (x — l/x) 2 = (x + l/x) 2 — 4 finally gives 

n(n/2 + m) . . 4n (n/2 + m) + 8 J 2 

p = zr% [x + l/x)- 



m. 



m 2 (x + l/x) 



Combining this with Eq. (85), we find 



1 



LOr, 



n + m 



n(m + n/2)(x n + l/x n ) 
(8J 2 + 2ra(2m + n)) (x„ + l/s n ) -1 



2J 



(87) 



The solutions for the pole location are 



1 



n(2m + n) 



8J 2 (m + n) 2 + n(2m + n) (2m 2 + n(2m + n)) 



1/2 



±4|m + n\ ^/(ij 2 + n(2m + n)) (J 2 (m + n) 2 + m 2 n(2m + n) /4) 

Taking the solution with + sign out front, we see that for either choice of sign inside 
square root we have 

2{m + n) i s ; ^ 

x n + 1 x n = l -^AJ 2 + n{2m + n). 

n{2m + n) 

Plugging this into Eq. (87) and doing a little more algebra finally gives 
w„=^ (V^J 2 -m 2 + (m + n) 2 - 2j) . 

(3,5); (3,6) 

The equation for the pole location implies that ^rz^ = [n + m) . Using this in 
the formula for the off-shell frequency leads to 



1 / \ 1 

u n = - (n + m) — 

K Xfi 

Solving the equation for the pole location gives 

m + n 



(88) 



'J, , , 



± 



2J 2 + (m + ny ± \/4 l 7 4 + 4k 2 (m + n 
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The solution with larger magnitude is the one with relative — sign in denominator. 
Taking the solution with greater magnitude and + sign out front and plugging this 
into Eq. (88) gives 



-\ 2J 2 + (m + nf - J 4 J 4 + {m + nf k 2 . 



UJ r , 



(4,5); (4,6) 

Plugging the equation for the pole location into the off-shell frequency gives 

n 2J 

w« = -x n . (89) 

K K 

The solutions for the pole location are 

x n = ±-\/ 2J 2 + n 2 + v^J" 4 + n 2 n 2 . 
n v 

If we choose the solution with greater magnitude and plug it into Eq. (89), we have 



i (V 2 J 2 + n 2 + a/47 4 + n 2 ^ 2 - 2J^j 



H Comparison with Bethe Ansatz 

In this Appendix we will compute the leading two contributions to the anomalous dimension 
of the operator dual to the spinning string in AdSi x CP 3 . First let's consider the operator 
dual to the SU (2) spinning string in AdS^ x S 5 which has the form 

O = tr [Z J W J + permutations] , (90) 

where Z and W are complex scalar fields in M = 4 SYM. In this sector, the one-loop planar 
dilatation operator corresponds to the Hamiltonian of a Heisenberg spin chain of length 2 J 
[51]: 

\ 2J 

A - 2J = ^2E( 1 - p ^+i)- ( 91 ) 

i=l 
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The dilatation operator can be diagonalized by solving a set of Bethe ansatz equations [52]: 



Uj + i/2\ 2J tj Uj — Uk + i 



J , . ■ , n \ J 



J- J- 1 1 — 1 l.i- — 9 



n(^i) - i-x>(^) — <«■» 



i=i v J ' 7 3=1 

A J 1 

A-2J = -^V^ (92c) 

8f 2 ^« +14 v 7 

j=i j 

where m is an integer which is introduced after taking the log of both sides of equation 
92b. In the large- J limit, the Bethe equations simplify and can be solved using the methods 
described in [15, 53, 36]. In particular, [36] found that the anomalous dimension is given 
by 

/Am 2 \ 1 f a\ \ , . 

A-2J = + + (93) 

OO 

,2 



+ ^2 (^ n V n2 — 4m 2 — n 2 + 2m 2 ^ . 



a = m 

n=l 

Now let's turn to the operator in Eq. (45). In this case, the two-loop planar dilatation 
operator is given by Eq. (46). As explained in section 4.1, this corresponds to the Hamil- 
tonian for two identical Heisenberg spin chains of length 2J which are only coupled by a 
momentum constraint. With this in mind, the Bethe equations are 

.1 




jy l (uj + ift\ = _ im ^ (94b) 
\uj-i/2J 



3=1 
I i 

A-2J = 2A 2 V^ — . (94c) 

f-f u 2 + 1/4 

3=1 ■> 

Comparing both sets of Bethe equations we see that Eq. (92) can be mapped into Eq.(94) 
by making the following relabeling: 

m -> m/2, A -»■ 16vr 2 A 2 . 
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Making these substitutions in Eq.(93) gives Eq.(53), which we obtained using string theory. 
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